We are interested in the effect of receptor clustering on k, , the diffusion-limited forward rate constant for the binding of a ligand to a cell surface receptor. Here we estimate the reduction in k, when receptors are clustered in various configuration;. We obtain two alternative expressions for the flux of ligands into receptors distributed on a surface. Next we show through a variational principle that these provide both upper and lower bounds on the fux when evaluated for trial concentration functions which satisfy only the boundary conditions of the Laplace equation. We use an analogy with electrostatics to calculate rigorous bounds within approx. 10% of the exact result for a variety of planar clusters of hemispherical receptor sites. We also obtain an exact result for the flux into a spheroidal receptor and use this result to obtain bounds on the flux into certain receptor clusters.
We now convert eq. 3 into a form that is more suitable for our purposes_ Consider therefore a closed surface av,, sufficiently far away from the cell surface av, that we may take the bulk concentration c, to be reached all over 8v, ( fig. 1) is invariant for scale transformations of the trial function c,. Hence, a constant but nonzero p at infinity is simply scaled away, meaning that the boundary conditions may be somewhat relaxed_ In order to have a finit_e, nonzero J, however, we must ensure that faV, Vp -dS is finite, so j i;,i -ce2 as r -+ 00. In terms of the diffusion-limited forward rate constant, k, = J/c,.
we have for trial functions e satisfying the boundary conditions at the cell surface and /VC] -Fz as r --+ 00. Note that nowhere in this formalism have we made exphcit use of the form of the receptors or the membrane surface, apart from the fact that we have assumed the integrals to exist and be convergent. Thus. these expressions are valid for arbitrary surface geometry of the cell and its receptors_ In this sense this paper forms a generalisation of the work of Goldstein and Wiegel [3] .
One immediate corollary of this is that given a certain geometry A we can consider a cell gcometry B such that the receptors of A lie completely within those of B. If we take the trial function ct for the flux JA to be the solution for case B and zero in the region in between we have
Physicalfy this can be understood because a ligand crossing the virtual receptor surface of B may diffuse away and need not contribute CO J'. Although the result (eq. 11) is obtained in a rather trivial way, the cases in which geometry B is such that there exist exact analytical results for JB may yield quite nontrivial upper hounds for JA_ On physica: grounds one may also conclude that upon reversal of the roles of A and 3 in the last discussion eq. 11 can be used to derive a lower bound on J aIt would. however. be desirable to have a more general formalism like the one we have described for the upper bound. Indeed, there exists a function for J complementary to that developed in this section in the sense that its stationary point forms an absolute maximum. This will then yield lower bound estimates for the diffusion-limited flux. We shall derive this comp1ementat-y expression and give a detailed description 01 the formahsm in section 3,
Lower bounds
With eqs. 3 and 5 we have two equivalent, mathematically independent expressions for the ligand flux J into a cell, given the concentration profile c(F) and its gradient. We then have a whole class of expressions by considering linear combinations of these. One that will be particularly useful is
J=Jz=2Jo-J,
Again we consider variations rp around c, such that c and c-i-e:p meet the boundary conditions. The variation is (13) The second integral in this expression is zero again. In order that Jz be stationary, we must impose two conditions Ac=O and (14b) Thus. we must restrict ourselves to variations of the distribution of the inward flux 3 over the receptor surface, fixing J,. As this will modify the corresponding flux in the volume V, J1 wiIl change accordingly. Note that the solution of the Laplace equation with a given set of boundary conditions is unique. We will show shortly how this restriction may be relaxed.
The second variation is negative definite and Jz is maximal at its stationary point: we have
for any trial function cs. Note, however, that if we consider a scale transformation ca -, /3cZ and maximize eq. K2 for 
where q~,, is the potential at the surface of the conductor_ The receptors are replaced by idea? conductors of identical surface geometry_ We have not used this analogy ear!ier because It implies a loss of generality as the counterpart of the reflecting cell membrane would have to be a die!ectric medium with infinite permittivity. Though mathematically sound, the physical significance is not very appealing. For the geometries we shall treat, however, the latter complication can be avoided.
If the radius of curvature of the cell membrane is large compared to the distance over which the concentration profile changes appreciab!y, we may approximate this surface by a horizontal plane at z = 0 throcgh which receptors of arbitrary shape project into the plasma. The boundary condition &z/&z = 0 at the membrane is satisfied automatically by symmetry arguments if we add to the receptors their mirror images with respect to the plane I = 0 and solve AC = 0 for all z. In this case we are dealing with a boundary value problem of the Dirichlet type.
In the electrical analogy the relevant entity to be calculated is the capacitance C of the collection of co.lductors, which is related to the diffusionlimited flux
where l 0 is the permittivity of a vacuum [1, 3] . The extra factor of 2 appears because for J we are concerned only with the receptors, while C includes their mirror images. In the electrostatic setting we then have bounds on the capacitance
(22)
Here Q is the total charge and a the charge distribution. U[a] and U[q] are the electrostatic energy in terms of the charge distribution u and the field 'p, respectively. Written as a functional of the field, the expression for the energy is [13] U
This shows that the right-hand side of eq. 22 is equivalent to eq. 9 for the flux Jt_ The total charge Q is defined by where we have used Poisson's equation and Gauss' theorem again to derive a form in which the equivalence with J, is more obvious. One observes that the charge can reside only at the boundaries of V. Indeed, eq. 22 for C is equivalent to the analogous eq. 18 for the diffusive fIux J. The point is that this enables us to use the familiar resutts from electrostatics, which through the analogy 1201 can be translated to the equivalent problem In chemoreception. Instead of taking different concentration profiles c, and ct one considers a trial potential cp. for which one calculates the electrostatic energy to obtain an upper bound on C, and a triai charge distribution that when the energy functional is evaluated yields a lower bound.
As a further simplification we take all receptors to be hemispheres of radius LI, which become spherical conductors if we use the electrostatic analogy. As a trial potentiai for the collection of spheres we suggest, following Goldstein and Wiegel f3f* v=max(rpt-+-pg,)
with 9, = uFa,/r, being the potential field of sphere number i a distance r, from its centre. Indeed, g, is continuous, with some kink disconrinuities, but eq is always square integrable. For a single sphere, of course, this yields the exact result C = &re,a
which leads to the familiar expression for a sphericaI, completely absorbing cell
where LY is a dimensionless constant which depends only on the specific geometry of the problem, For a hemispherical receptor a = 2a.
To calculate lower bounds on C we propose a triai charge distribution (28)
i.e., a homogeneous distribution of charge on each sphere. If allowed by symmetry arguments we can take q, = q, otherwise it may be possible to minimize the energy by varying q,, while keeping Q = Cq, Fixed. The energy for a collection of spheres splits into a self-energy part of the isolated spheres and an interaction part. Because we know C for one sphere, the self-energy part is given by eq. 26. The interaction energy, because of the spherical symmetry, is simply that between equivalent point charges situated in the centre of the spheres. This gives f29f where T;, is the distance between the centres of spheres i and j. Eq. 29 breaks down when r,, -Z 2a for any two spheres, as the interaction energy would then be overestimated_ The lower bound trial function (eq. 28) is thus somewhat less general than that (eq. 25) for the upper bound estimate, > 7 (fig. 3) .
As a further example of a configuration of binding sites we use our model to compute bounds on the collective a: of three identical hemispheres closely packed in an equilateral triangle (fig. 4b) .. The upper bound, as calculated according to eq. 
IW
which for as b==c=2s indeed may be seen to iead to the result, eq. 43. Note that the result for an obtuse triangle wiII be the same, due to the fact that formally one of the angles will give a negative contribution q_
